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A The Second Order Generating Function
Here we calculate the second order generating function S2(J, θ, t) for the
Hamiltonian function
H(I, ϑ, t) = H0(I) + H1(I, ϑ, t) ,
H1(I, ϑ, t) = 
∑
m
Hm(I) cos(m · ϑ + χm) , (A.1)
where ϑ = (ϑ1, . . . , ϑn,−Ωt), m = (m1, . . . ,mn, n), m · ϑ = m · θ − nΩt. We
write the ﬁrst order generating function S1(J, ϑ, t) in the form
S1(J, ϑ, t) = −
t∫
t0







sin(m · ϑ + m · ω(t0 − t) + χm)− sin(m · ϑ + χm)
]
. (A.2)
According to (2.11) and (2.12) the second order generating function S2(J, θ, t)
is
S2(J, ϑ, t) = −
t∫
t0
F2(J, ϑ(t′), t′)dt′ , (A.3)
where















In (A.4) summation over repeating indexes i, j (i, j = 1, . . . , n) is assumed.
Putting (A.1) and (A.2) into (A.4) we obtain












(m · ω) (m′ · ω)
×
[
cos(m · ϑ + m · ω (t0 − t) + χm)− cos(m · ϑ + χm)
]
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×
[









m′ · ω cos(mϑ + χm)
×
[
cos(m′ · ϑ + m′ · ω (t0 − t) + χm′)− cos(m′ · ϑ + χm′)
]
. (A.5)
We replace the products of the trigonometric functions in (A.5) by their sum






m · ϑ(t′) + s · ω (t0 − t′) + χ
)
= a(xm, xs) sin(m · ϑ + χ) + b(xm, xs) cos(m · ϑ + χ) , (A.6)
where xm = m · ω (t− t0) and
a(x, y) = −(t− t0) cosx− cos y
x− y , b(x, y) = (t− t0)
sinx− sin y
x− y .
Then combining the trigonometric functions we obtain the following ex-
pression for the generating function (A.3):

































































m,m′ are deﬁned as
A
(+)
m,m′ = U(xm, xm′) , A
(−)
m,m′ = −U(xm,−xm′) ,
B
(+)
m,m′ = V (xm, xm′) , B
(−)
m,m′ = −V (xm,−xm′) , (A.8)
C
(+)
m,m′ = W (xm, xm′) , D
(+)
m,m′ = Y (xm, xm′) ,
C
(−)
m,m′ = −W (xm,−xm′) , D(−)m,m′ = −Y (xm,−xm′) , (A.9)
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are expressed in terms of four functions U(x, y), V (x, y), W (x, y) and Y (x, y)





sin(x + y) +
cos(x + y)− cos y
x
+
cos(x + y)− cosx
y
+








cos(x + y)− sin(x + y)− sin y
x







W (x, y) = −1
y
[
cos(x + y)− cos y
x
+








sin(x + y)− sin y
x






























W (x, x) =
1− cosx
x2
cosx , Y (x, x) = −1− cosx
x2
sinx , (A.17)
W (x,−x) = 1− cosx
x2







The functions U(x, y), V (x, y), W (x, y) and Y (x, y) of two variables x, y
are localized in the ﬁnite region |x| ≤ π, |y| ≤ π. They decay at large values
of x, y. The functions U(x, y), V (x, y), Y (x, y) and W (x, y) are shown in
Figs. A.1, A.2.
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Fig. A.1. Functions: (a) U(x, y); (b) V (x, y)
Fig. A.2. Functions: (a) Y (x, y); (b) W (x, y)
If perturbation contains only one (m,n) mode then the function S2 is
reduced to






















B Asymptotic Estimations of the Integral
K(h) and L(h) Near Separatrix
B.1 General Structure of Integrals
For simplicity we shall omit the subscript n of all quantities. Then we consider












V (h, τ)eiΩτdτ = R+(h) + R−(h) , (B.1)
The integrals (B.1) are taken along the unperturbed orbits (h, ϑ(t)) or
(q(t;h), p(t;h)). We specify the time t in the following way: at t = 0 the
orbit crosses the section Σc, and at t = ts = π/ω(h) it crosses the section Σs.
With such a deﬁnition the function V (h, τ) can be presented as a function of
phase space coordinates:
V (h, τ) ≡ H1 (q(τ ;h), p(τ ;h)) .
We study the asymptotics of R(h), R+(h) and R−(h) near the separatrix,
i.e., at |h|  1. They can be presented as a sum of regular, R(reg)(h), and
oscillatory, R(osc)(h), parts
R(h) = R(reg)(h) + R(osc)(h) ,
R+(h) = R(reg)(h) + R(osc+)(h) ,
R−(h) = R(reg)(h) + R(osc−)(h) , (B.2)
where the regular parts
R(reg)(h) = F (h,−0)− F (h,+0) ,
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R(reg)+(h) = F (h,−0) ,
R(reg)−(h) = F (h,+0) , (B.3)
and the oscillatory parts
R(osc)(h) = F (h, π/ω(h))− F (h,−π/ω(h)) ,
R(osc)+(h) = F (h, π/ω(h)) ,
R(osc)−(h) = −F (h,−π/ω(h)) , (B.4)
are deﬁned through the function F (h, τ),
dF (h, τ)
dτ
= V (h, τ)eiΩτ . (B.5)
Further we suppose that the function V (h, τ) vanishes at the saddle points,
(qs, ps), i.e., V (0,∞) = H1(qs, ps) = 0. Then we have F (0,∞) = 0. In general
cases, this condition can be satisﬁed by subtracting from the Hamiltonian a
term H1(qs, ps, t) which does not aﬀect the equations of motion.
Below we show that near the separatrix of a Hamiltonian system with hy-
perbolic ﬁxed points the oscillatory parts of the integrals (B.1) have a generic
asymptotic behavior. In the following sections we derive the asymptotical for-
mulae for R(osc)(h), R(osc)±(h) in the limit |h| → 0.
B.1.1 Unperturbed Orbits Near the Separatrix




(qs, ps) = 0 ,
∂H0
∂p
(qs, ps) = 0 . (B.6)
One can always choose that H0(qs, ps) = 0. The unperturbed Hamiltonian









Hpp(p− ps)2 + O[(q − qs)3, (p− ps)3] , (B.7)
where Hqq, Hqp, and Hpp are second derivatives of H0 with respect to (q, p)
taken at the hyperbolic ﬁxed point. By the linear transformation of variables:
ξ = (q − qs) cosα + (p− ps) sinα ,
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η = −(q − qs) sinα + (p− ps) cosα ,
q − qs = ξ cosα− η sinα ,
p− ps = ξ sinα + η cosα , (B.8)
the Hamiltonian can be diagonalized:





































The angle α is determined by tanα = 2Hqp/(Hqq −Hpp).











= α2ξ . (B.10)
Phase space of this system near the saddle point is shown in Fig. B.1. Its
solutions (ξ(t;h), η(t;h)), 0 < t < ts which cross the section Σs at the time














Fig. B.1. Phase curves of Hamiltonian system near the saddle point






cosh [γ (ts − t)] , for h < 0 ,






sinh [γ (ts − t)] , for h < 0 ,
cosh [γ (ts − t)] , for h > 0 , (B.12)
where γ = αβ. The upper and lower signs in (B.11), (B.12) correspond to
the solution along the branches I and III, respectively. Similarly, solutions
(ξ(t;h), η(t;h)), 0 > t > −ts which cross the section Σs at the time moment







cosh [γ (ts + t)] , for h < 0 ,







sinh [γ (ts + t)] , for h < 0 ,
cosh [γ (ts + t)] , for h > 0 .
(B.14)










we obtain the following asymptotical behavior of orbits at the separatrix,
h = 0,









which asymptotically approach to the saddle point (ξ = 0, η = 0) in the limit
t→ ±∞, respectively.
B.1.2 Perturbation Hamiltonian in Normal Coordinates ξ, η Near
the Saddle Points
We expand the perturbation Hamiltonian V (h, τ) = H1(q, p) near the saddle
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where the zero-order term H1(qs, ps) can be neglected in the evaluation of
the integrals R(h), since they do not aﬀect the equations of motion. By a
linear transformation of variables (B.8) the perturbation Hamiltonian (B.15)












where the coeﬃcients b(j)k are linear combinations of c
(j)
i . If we retain only
terms up to the second order in powers of ξ and η, (B.16) can be presented
as
H1(z, pz) = aξξ + aηη + bξξξ2 + bξηξη + bηηη2 + O(δ3) , (B.17)
where
aξ = aq cosα + ap sinα ,
aη = −aq sinα + ap cosα ,
bξξ = bqq cos2 α +
1
2
bzp sin 2α + bpp sin2 α ,
bξη = −bqq sin 2α + bqp cos 2α + bpp sin 2α ,
bηη = bqq sin2 α− 12bqp sin 2α + bpp cos
2 α .































B.1.3 Integrals Over the Powers of Orbits ξ(t, t), η(t, h) Near
the Separatrix
The oscillatory parts of R(h) (B.2) are given by the integrals F (h, t) taken
at the values t = ±ts, ts = π/ω(h). According to (B.16) we have expressed
them through the integrals over the powers of orbits ξ(t, t), η(t, h)
X(k,j−k) =
∫ ±ts
ξk(t;h)ηj−k(t;h) exp(iΩt)dt, (0 ≤ k ≤ j) . (B.18)
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[η(t;h)]2 eiΩtdt . (B.19)
It is easy to show that
∫ ±ts




cosh [γ(ts ∓ t)] eiΩtdt = iΩ
γ2 + Ω2
e±iΩts .
Using these integrals and the solutions for ξ(t;h), η(t;h) near the saddle point
given by (B.11), (B.12) one obtains the following expressions for X(1,0)(h, ts)
and X(0,1)(h, ts) along the branches I and III, respectively:





iΩ, h < 0
γ, h > 0 ,





γ, h < 0
iΩ, h > 0 . (B.20)







iΩ, h < 0





{−γ, h < 0
iΩ, h > 0 , (B.21)
respectively.
The second order integrals X(2,0)(h,±ts), X(1,1)(h,±ts), X(0,2)(h,±ts)
along the all four branches I–IV are given by
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X(2,0)(h,±ts) = −ieiΩts 2|h|
α2Ω
C1(h) ,
X(1,1)(h,±ts) = eiΩts 2|h|4γ2 + Ω2 ,
































, h > 0 .
(B.24)
B.1.4 Oscillatory Parts of R(h)
According to the relations (B.4) these quantities are expressed through the
functions F (h,±ts) (B.5), which using the expansion (B.17) can be reduced
to
F (h, t) =
∫
V (h, t)eiΩtdt = aξX(1,0)(h, t) + aηX(0,1)(h, t)
+bξξX(2,0)(h, t) + bξηX(1,1)(h, t) + bηηX(0,2)(h, t) + O(δ3) . (B.25)
First we consider separately the integrals along each branches, I–IV, of
the separatrix.
The First (I) and Third (III) Branches
Using the relations for the integrals X(k,j−k) given by (B.20), we obtain the










{−iΩAξ + γAη, for h < 0




|h| [C − iB(h)]
)
, (B.26)
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K
(osc)+








ΩAξ sin[πΩ/ω(h)] + γAη cos[πΩ/ω(h)], for h < 0

























−ΩAξ cos[πΩ/ω(h)] + γAη sin[πΩ/ω(h)], for h < 0 ,





































B1, for h < 0 ,












































The Second (II) and Fourth (IV) Branches











iΩAξ − γAη, for h < 0




|h| [C − iB(h)]
)
, (B.30)
The corresponding integrals are
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K
(osc)−








ΩAξ sin[πΩ/ω(h)]− γAη cos[πΩ/ω(h)], for h < 0
























ΩAξ cos[πΩ/ω(h)] + γAη sin[πΩ/ω(h)], for h < 0 ,















The expressions for the integrals R(osc)(h) depend on the saddle–saddle
connection and can be obtained through the integrals R(osc)±(h) given above.
Below we consider the four type of homoclinic saddle–saddle connections
when the system has a single hyperbolic ﬁxed point: (i) the branch II is
connected with the branch I of the separatrix; (ii) the branch IV is connected
with the branch I; (iii) the branch II is connected with the branch III; (iv)
the branch IV is connected with the branch III (see Fig. B.1).
The case (i). Adding the expressions for R(osc)+(h) and R(osc)−(h) taken
with the upper signs we have





√|h|Aηγ sin[πΩ/ω(h)] + |h|B1 sin[πΩ/ω(h)], for h < 0 ,
−√|h|AηΩ cos[πΩω(h)] + |h|B2 sin[πΩ/ω(h)], for h > 0 ,
(B.33)





√|h|AξΩ cos[πΩ/ω(h)] + C|h| sin[πΩ/ω(h)], for h < 0 ,
√|h|Aξγ sin[πΩ/ω(h)] + C|h| sin[πΩ/ω(h)], for h > 0 .
(B.34)
The case (ii). Adding R(osc)+(h) with the upper signs to R(osc)−(h)
taken with the lower signs one obtains





√|h|AξΩ sin[πΩ/ω(h)] + |h|B1 sin[πΩ/ω(h)], for h < 0 ,






√|h|Aηγ sin[πΩ/ω(h)] + C|h| sin[πΩ/ω(h)], for h < 0 ,
√|h|AηΩ cos[πΩ/ω(h)] + C|h| sin[πΩ/ω(h)], for h > 0 .
(B.36)
In the case (iii) the formulae for K(osc)(h) and L(osc)(h) are given by (B.35),
(B.36), respectively, taken with the opposite signs, and in the case (iv)
K(osc)(h) and L(osc)(h) are obtained from (B.33), (B.34) by changing the
sign.
B.2 Periodically–Driven Pendulum
In this section we obtain the asymptotical formulae for the oscillatory parts
of the integrals K1(h) and L2(h) in the problem of the periodically–driven
pendulum (see Sect. 6.2). According to the deﬁnitions of the functions Vn(h, t)
given by (6.33) we have
V1(h, t− tc) = (A + B)[1 + cosx(ϑ;h)] ,
V2(h, t− tc) = (A−B) sinx(ϑ;h) .
The hyperbolic ﬁxed points are (xs = ±π, ps = 0). The ﬁrst two terms in
expansion in series of ξ, η are
V1(h, t) = (A + B)
1
2
ξ2(t;h) , V2(h, t) = −(A−B)ξ(t;h) ,
Figure B.2 shows the unperturbed orbits along which integrations are taken.






























sin[πΩ/ω(h)], for h > 0 ,
(B.37)















Fig. B.2. Phase curves of unperturbed pendulum near separatrix. Here U+ and
B+ stand for the untrapped (h > 0) and trapped (h < 0) orbits near the separatrix
S+ connecting the saddle points (−π, 0) and (π, 0) in the upper half of phase space
(p > 0). Similarly, U− and B− are untrapped (h > 0) and trapped (h < 0) orbits
near the separatrix S− connecting the saddle points (π, 0) and (−π, 0) in the lower














Ω cos[πΩ/ω(h)], for h < 0
γ sin[πΩ/ω(h)], for h > 0 . (B.38)
The integrals K(osc)1 (h), L
(osc)
1 (h) taken along orbits near the separatrix
connecting the saddle point (−π, 0) with the other saddle point (−π, 0) are
obtained from the integrals (B.37), (B.38) using the relations K(osc)1 (h) =
K
(osc)−
1 (h)−K(osc)+1 (h) and L(osc)2 (h) = L(osc)−2 (h)− L(osc)+2 (h):
K
(osc)


























Ω cos[πΩ/ω(h)], for h < 0
γ sin[πΩ/ω(h)], for h > 0 . (B.40)
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B.3 The Integral K(h) in the Problem
of Driven Morse Oscillator






1− a cosx , (B.41)
where R(h) = K(h)+ iL(h). In (B.41) the following notations are introduced
a =
√
1− |h|, η = λ/|h|1/2. Since the corresponding system does not have
hyperbolic saddle points we cannot use the method used in the previous
sections. Below we apply a standard asymptotical method to estimate these
integrals.
The regular part of the integral (B.41) can be found by integrating it for
integer values of η = m corresponding to the primary resonances, mω(h) = Ω.



















Then the integral (B.41) can be presented as a sum
R(h) = R(reg)(h) + R(osc)(h) , (B.43)
where R(osc)(h) is the oscillatory part of the integral R(h). We seek R(osc)(h)
for large value of η  1. Then it can be found by asymptotic expansion of the
integral in a series of power of η−1. We will ﬁnd the asymptotic expansion
by integration by part.












where f (k)(x) is the k-the derivative of the function f(x). One can show
that f (2s)(0) = f (2s)(π) = 0, (s = 0, 1, 2, . . .). For the odd k = 2s + 1
the derivatives f (2k+1)(0) have non-zero values. For the ﬁrst two non-zero
derivatives we obtain
a1 ≡ f (1)(0) = 11− a , a2 ≡ f
(3)(0) = −1 + a + 2a
2
(1− a)3 ,
















Fig. B.3. Deviation of the asymptotic formula (B.46) for K(h) from the numeri-
cally integrated one. Parameter λ = 2
Therefore, the expansion of K(osc)(h) in a series of power of 1/η up to
fourth terms is given by














1− |h| and η = λ/|h|1/2, we have obtained the following






















At the limit |h| → 0, we have
Kas(h)→ K0 = 2π exp(−λ) .
The asymptotics of the integral K(h) given by (B.46) is plotted in Fig. 6.12 at
the ﬁxed value of the parameter λ = 4. The asymptotic formula (B.46) is in
suﬃciently good agreement with the values of K(h) obtained by the numerical
integration of the integral (B.41). The deviation of (B.46) from the numerical
K(h) is shown in Fig. B.3. The maximal deviation, max|K(h) − Kas(h)| is
less than 8× 10−4.
C Proof of Rescaling Invariance
of the Equations of Motion
C.1 The Case of Linear Approximation
For convenience we omit the parameter t0 in (8.13), and consider the following
linear equation with periodic coeﬃcients:
dx
dt
= −γx + [p1(t) + c11(t)x + c12(t)y] ,
dy
dt
= γy + [p2(t) + c21(t)x + c22(t)y] . (C.1)
We will seek the solutions of (C.1) in the form




















































The solutions of (C.3) up to the ﬁrst order of  have the form










p1(t′)dt′ + O(2) ,










p2(t′)dt′ + O(2) . (C.4)
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Now we replace the perturbation amplitude, , by its rescaled value λ =
/λ. Introducing the notations







and replacing the integration variable t′ → t′− t0λ, the solution, (C.4), for A













p1(t′ − t0λ)dt′ + O(2) . (C.6)
Transform (C.6) by the following way:










































f(t′ + t− t0λ)dt′ ,






where f(t) = c12(t), n = 2 or f(t) = p1(t), n = 1.
We will consider Poincare´ sections of the solutions x(t), y(t), taken at
the sections t = Tm, (m = 0, 1, 2, ...). Then using the periodicity of the
coeﬃcients c12(t), p1(t) and the relations (C.8), (C.7) can be reduced to













p1(t′ − t0λ) + γp01
]
dt′ + O(2) , (C.9)
where the constant coeﬃcients, c012, and p
0
1, are








In a similar way, we can obtain the solution for Bλ:













p2(t′ + t0λ) + γp02
]





e−2γtc21(t + t0λ)dt , p02 =
∫ 0
−t0λ
e−γtp2(t + t0λ)dt .
































c11 (t′ − t0λ) dt′
)
,





c22 (t′ + t0λ) dt′
)
. (C.12)
By the linear transformation of variables


















= −γxλ + λ [p1(t− t0λ) + c11(t− t0λ)xλ + c12(t− t0λ)yλ] + O(2λ) ,
dyλ
dt
= γyλ + λ [p1(t + t0λ) + c11(t + t0λ)xλ + c12(t + t0λ)yλ] + O(2λ) .
(C.14)
Therefore, the transformation → λ = λ of the perturbation amplitude, ,
preserves the form of the the equations if the periodic coeﬃcients cik, and pi
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have the same arguments in both equations, (C.14). Since the coeﬃcients are
periodic functions of t with period T this condition is satisﬁed, for
2t0λ = sT , (s = ±1,±2, . . .) .
Using the deﬁnition of t0λ, (C.5), we obtain the possible values of the rescaling
parameter λ:
λ(s) = exp(γTs) = λs, (s = ±1,±2, ...) , (C.15)
where λ is the rescaling parameter given by (8.7). Then using the condition
(8.10) for the coeﬃcients cii(t), and (C.5), (C.11), we have
ξλ(t = 2πm) = exp(−γt)Aλ(t) = exp(−γt)A(t)λ−1/2 = x(t)λ−1/2 ,
ηλ(t = 2πm) = exp(+γt)Bλ(t) = exp(+γt)B(t)λ−1/2 = y(t)λ−1/2 .
(C.16)
Finally, putting (C.15) into (C.13), we obtain the relation, (8.15), between
the solutions of (C.1) and (C.14) at the sections t = mT , (m = 0, 1, 2, ...).
C.2 The Case of Nonlinear Approximation
Consider the nonlinear diﬀerential equation, (8.8) with the perturbation func-
tions gi(x, y, t), (i = 1, 2) (8.16). The solution of this equation we will seek
in the form
x(t) = A(t) exp(−γt) , y(t) = B(t) exp(γt) . (C.17)













The solution of (C.18) with the accuracy up to the ﬁrst order of  may be
written as
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First consider positive values of t > 0. To evaluate the order of the integral
in (C.19), we have speciﬁed the periodic coeﬃcients as cik(t) = cos(t + χ).
Then, for t = Tm, one can obtain
∫ 2πm
0
enγt cos(t + χ)dt = (λnm − 1)nγ cosχ + sinχ
n2γ2 + 1
∼ λnm , (n ≥ 2) ,
(C.20)
where λ = exp(γT ). Since γ > 0, the rescaling parameter λ > 1. Usually,
the square of λ has an order of 10, i.e., λ2, and may be considered as a large
parameter. We can seek the asymptotic behavior of the solutions for λ2  1,
expanding (C.19) in series of inverse powers of λ2. The main terms in (C.19)
are
A(t) = A(0) + (B(0))nλnmC1n[1 + O(λ−2m)] ,





where C1n and C2n are constants of order O(1). Therefore, for the for positive
t > 0 the asymptotic expansion of the solutions, (C.19), for λ2  1 may be
written as















In a similar way, one can write the asymptotic expansion of the solution,
















Now we will study the behavior of the solutions, (C.22), (C.23), in respect
to the transformation, → λ = /λ, of the perturbation parameter, . Using
the notations in (C.5), and performing the transformations of (C.6) similar
to those ones in the previous section, one can obtain the following expressions
for the transformed solutions, Aλ(t), Bλ(t), at the positive axis of t > 0:





c1n(t′ − t0λ) + γc01n
]
dt′
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By the similar procedure one can transform the solution (C.23), and obtain











[c2n(t′ + t0λ) + γc02n]dt
′
× [1 + O(λ−2] , (C.25)
with
c02n = (n + 1)
∫ 0
−t0λ
e−(n+1)γtc2n(t + t0λ)dt .
The transformed solutions, (C.24), (C.25), corresponds to the asymptotic
solutions of the following nonlinear equations for the large parameter λ2  1:
dxλ
dt
















n, (k = 1, 2) before the coeﬃcient γ in (C.26) corre-
sponds to the higher order corrections in the expansion of the unperturbed
Hamiltonian, H0(x, y), in series of power of x, y near the hyperbolic ﬁxed
point, (x = 0, y = 0). Since we neglected with these higher order corrections
in H0(x, y), we can neglect them also in (C.26). Thanks to periodicity of
the coeﬃcients c(n)ik (t), (8.17) and (C.26) have the same form for the value
of the phase t0λ = π. From the latter condition automatically follows the
value of the rescaling parameter λ. The relation, (8.18), between the solu-
tions (xa(t), ya(t)) and (xb(t), yb(t)) of the (8.17) and (C.26) follows from
(C.5), which is valid for the λ2  1.
D Relation Between ϑ and θ
The term under the integral (10.25) depending on the poloidal angle θ is
f(ε, θ) =
1
(1 + ε cos θ)2(1 + Λε cos θ)
.









(m− k + 1)Λk . (D.1)
Using the series (D.1) and integrating (10.25), one obtains the following re-
lationship between ϑ and θ as a series of powers of ε:
ϑ(θ, ) = θ +
M∑
m=1
αm sinmθ + O(M+1) , (D.2)
where the coeﬃcients αm are also series in powers of ε. For M = 4 they are
given by (10.30). By similar integration of (10.26) we obtain a series for the
safety factor q(r) (10.31).
Now we consider the inversion of the relation ϑ = ϑ(θ, ε) with respect to
θ. Suppose that we have a relation in the form
ϑ(θ, ) = θ +
∞∑
m=1
αm sinmθ , (D.3)
with given coeﬃcients αm. Note that αm/αm+1 ∼ ε. A similar expression
exists for the inverse relation θ = θ(ϑ, ε):
θ(ϑ, ) = ϑ +
∞∑
m=1
α∗m sinmϑ , (D.4)
with the unknown coeﬃcients α∗m. From (D.3) and (D.4) follows the relation
between the coeﬃcients α∗m and αm:
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We expand the integrand in a series of powers of ε. Since αm ∼ εm, using






F (k)m (θ) + O(ε
4) ,
where
F (0)m = 1, F
(1)
m (θ) = α1(cos θ − im sin θ) ,
F (2)m (θ) = −
m2
4
α21 + (2α2 +
m2
4
α21) cos 2θ − im(
α21
2
+ α2) sin 2θ ,




































































′θ)F (j)m (θ)dθ , j = 1, 2, 3, . . . .
The terms of the ﬁrst order of ε are
A
(1)
11 = 0 , A
(1)




































12 = 0 , A
(2)
22 = −α21 , A(2)32 = 0 , A(2)42 = α21 + 2α2 ,































1 − α2 .
Finally the third order terms are
A
(3)






































13 = 0 ,
A
(3)








α3 + α1α2 − 13α
3
1 .
Finally, using (D.5) and neglecting the terms of order higher than ε5 we have
obtained the following expressions for the expansion coeﬃcients α∗m in (D.4)
in terms of αk:

















α1α3 + O(6) ,














of the Integral Smm′ (10.49)









Φ(ϑ) = θ(ϑ)− m
m′
ϑ , f(ϑ) = 1 + ε cos θ(ϑ)
are slowly varying functions of ϑ. Integrals of type (E.1) may be evaluated
using the methods of asymptotic expansions in a series of inverse powers
of m′  1. However, as we will see below, the method of stationary phase
cannot be directly applied to estimate the integral (E.1) for the values of m′
being of interest because of the speciﬁc behavior of the phase function Φ(ϑ).
According to the localization principle (see Fedoryuk (1989)) for m′  1
the integral (E.1) is equal to sum of the contributions at the critical points
for Smm′ . There are two critical points for the phase function Φ(ϑ):
ϑ1 = 0 , ϑ2 = π .
As will be shown below, for m′ < m the main contribution to the integral
comes from the ﬁrst critical point, ϑ1, and for m′ > m the second critical
point contributes to the integral.
Consider ﬁrst the case m′ > m. One can expand the angle θ in terms of
(ϑ− π) around the second critical point ϑ2 = π:
θ(ϑ) ≈ π + β1(ϑ− π) + 16β3(ϑ− π)
3 , (E.2)




= 0. Since 0 < β1 < 1 and β3 > 0 the ﬁrst derivative
dΦ(ϑ)
dϑ
= (β1 −m/m′) + 12β3(ϑ− π)
2 ,
has two real zeros
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when m′ < m/β1, and complex roots when m′ > m/β1. For the values of
m′ which are suﬃciently close to m/β1 the singular points ϑ1,2 are close to
each other, and the integral cannot be estimated by the ordinary method
of stationary phase. In the case of degenerate stationary points one should
apply the method described in Fedoryuk (1989).
Using the expansion (E.2), and introducing the integration variable x =
ϑ− π, the integral (E.1) may be written as









, λ = m′β3/2 .
For large values of λ and for the small α, the leading term of the asymptotic
expansion of the integral (E.3) may be estimated by replacing f(x + π) by
f(π) and expressing the integral by the Airy function Ai(z):
























is the Airy function (see Abramowitz and Stegun (1965)).
The asymptotic formula (E.4) is valid for small values of α. Comparison
with the exact numerical calculations of the integral (E.1) shows that (E.4)
is a good approximation for Smm′ in the interval
m′ −m/β1 > −c(m′β3/2)1/3 . (E.5)
where c ≈ 3.
A similar asymptotic estimation of Smm′ can be obtained for the small
values of m′ satisfying the condition
m′ −m/γ1 < c(m′|γ3|/2)1/3 . (E.6)
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where γ1 > 1 and γ3 < 0 are deﬁned by (10.50).
Outside the intervals (E.5) and (E.6) the integrals Smm′(ψ) may be esti-
mated by the method of stationary phase. These integrals are fast oscillating
functions of m′, and have an order of (m′)−1/2. We will not evaluate them
here because of their small contribution.
The formulas (E.4) and (E.7) are the leading terms of an asymptotic
expansion into a series of inverse powers of m′. The full asymptotic expansions
may be found by the method described by Fedoryuk (1989).
F Sample Program for Implementing
a Mapping Procedure
Below we present a program for the numerical implementation of the mapping
for the generic Hamiltonian system of one-degree-of-freedom perturbed by
time-periodic perturbation. The program is written in C-language.















given by the Hamiltonian function




H1(I, ϑ, t) =
m=M2∑
m=M1
Hm(I) cos(mϑ−Ωt + χ) , (F.2)
where Fourier coeﬃcients, Hm(I), are real functions, and the phase χ is
a constant. In (F.2) a ﬁnite number of terms numbering from M1 to M2,
(M1 ≤M2), are taken into account.
Let tk = k∆T , (k = 0,±1,±2, · · ·), be a time sequence with a step ∆T .
Then the evolution of Hamiltonian system (F.1) along this time sequence,
i.e.,
(ϑk+1, Ik+1) = Mˆ(ϑk, Ik) , (F.3)
where (ϑk, Ik) = (ϑ(tk), I(tk)), is given by the mappings (4.6), (4.7), (4.8).
In the ﬁrst order of perturbation theory the latter can be written as
Jk = Ik − F (Jk, ϑk, tk) , ψk = ϑk + G(Jk, ϑk, tk) , (F.4)
ψk+1 = ψk + ω(Jk)∆T , (F.5)
Ik+1 = Jk + F (Jk, ϑk+1, tk+1) , ϑk+1 = ψk+1 −G(Jk, ϑk+1, tk+1) ,(F.6)
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where








are perturbation functions determined by the generating function






a(αm(J)) sin(mϑ−Ωt + χ) + b(αm(J)) cos(mϑ−Ωt + χ)
]
, (F.8)








αm(J) = [mω(J)−Ω] (t− tk −∆T/2) . (F.9)
In (F.8), (F.9) the time parameter t0 is taken in the middle of the interval
[tk, tk+1], i.e., t0 = (tk + tk+1)/2 = tk + ∆T/2.
The implicit mapping procedure presented by (F.4)–(F.6) is implemented
by the procedure MappingStep(Y,Z,time).
















if ((f_J LE 0) OR (L GT N_iter)) {sig1 = 0; goto exit; }
if (fabs(V[0] - J) GT eps_acc )
{J = V[0]; goto Iter1; }
V[1] = Y[1] + G;
/*--------------------The second step----------------------*/
U[1] = V[1] + MapPeriod*omega(&V[0]);
*time+= MapPeriod;











if ((f_t LE 0) OR (L GT N_iter)) {sig2 = 0; goto exit; }
if (fabs(Z[1]-theta) GT eps_acc)
{theta=Z[1]; goto Iter2; }
Z[0] = V[0] + F;
exit: L = 0;
}
Two-dimensional variables (Y[0],Y[1]) and (Z[0],Z[1]) stand for the initial
(Ik, ϑk) and the ﬁnal (Ik+1, ϑk+1) variables, respectively, and time stands for
tk. In the ﬁrst step the map (F.4) is written as an algebraic equation,
f(Jk) = Jk − Ik + F (Jk, ϑk, tk) = 0 ,
with respect to variable Jk, and it is solved using the Newton-Raphson
method Press et al. (1992). The initial value of Jk in the iterative process
is taken J (0)k = Ik − F (Ik, ϑk, tk). The iteration is stopped in cases when
the suﬃcient accuracy, eps acc, is reached. It is interrupted if the derivative
f ′(Jk) becomes negative, or number of iteration exceeds some number N iter
(it is taken equal to 20).
Similarly, in the third step the map (F.6) the variable ϑk+1 is found as a
root of the algebraic equation
f(ϑk+1) = ϑk+1 − ψk + G(Jk, ϑk+1, tk+1) = 0 .
This procedure calls the subroutine GeneratingFunction (J, theta, time,
t0, F, G, FJ , GT ) in which the functions F (J, ϑ, t), G(J, ϑ, t) (F.7) and their









eps_t = - Epsilon * (*time-*t_0);
for ( m = M_1; m LE M_2; m++)
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{
mm = (LDOUBLE)m;
x = alpha(&(*J), m)*(*time-*t_0);
x_J = alpha_J(&(*J),m)*(*time-*t_0);
phi_m = fmod(mm* *theta - Omega* *time + phase, pi2);
sinm = sin(phi_m);
cosm = cos(phi_m);
/* S += Hm[m] * (a(&x) * sinm + b(&x) * cosm); */
S_th +=mm*Hm[m] * (a(&x) * cosm - b(&x) * sinm);
S_J += Hm[m] * (a_J(&x)* sinm + b_J(&x)* cosm)*x_J
+ Hm_J[m]*(a(&x) * sinm + b(&x) * cosm);
S_thJ+= mm*Hm[m]* (a_J(&x)* cosm - b_J(&x)* sinm)*x_J
+ mm*Hm_J[m]*(a(&x) * cosm - b(&x) * sinm);
}
*F = eps_t * S_th;
*G = eps_t * S_J;
*F_J = eps_t * S_thJ;
*G_T = *F_J;
}
This function procedure uses the predeﬁned functions a(x), b(x), and α(x)
(F.9) which are deﬁned below. To avoid singularities at the extremely small
value of x the functions a(x) and b(x) are expanded into series of powers of
x in a small neighborhood of x.
LDOUBLE alpha(LPLDOUBLE J, int m)
{ return((LDOUBLE)m*omega(&(*J))- Omega); }













if (fabs(*x) LT 0.01)
return(-*x/3.0*(1-y2/10.0*(1-y2/28
*(1-y2/54.0*(1-y2/88.0)))));
else return((cos(*x) - sin(*x)/ *x)/ *x);
}












if (fabs(*x) LT 0.01)
return( 0.5 - y2/8.0 *(1-y2/18.0*(1-y2/40.0
*(1-y2/70.0))));
else return((sin(*x)-(1.0-cos(*x))/ *x)/ *x);
}
Below we give an example program for calculating Poincare´ section of
Hamiltonian system. Speciﬁcally, we consider the system with unperturbed
frequency of motion ω(I) = 1/I. The Fourier coeﬃcients Hm(I) of the per-
turbation Hamiltonian are constants, Hm(I).





long tempOffset = 0;
long curPos = 0;
LDOUBLE Hm[50],Hm_J[50],Phase[50];
LDOUBLE Epsilon, Omega, time, phase;











BOOL AutoStart = FALSE;
LDOUBLE Y[4], Z[4];
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/*------------ loading initial values into -------------*/
if (argc NE 2)
{ printf("usage: map _XXXX.ini\n\r");
return 0; }
else





if ((startup = fopen(argv[1],"rt")) NE NULL)








printf("Epsilon=%5.2f Omega= %5.2f phase= %f\n",
Epsilon,Omega,phase );
fscanf( startup, "%d %d %d\n\r",&MapSteps, &M_1, &M_2);
printf("Step= %d M_1=%d M_2=%d\n\r",MapSteps,M_1,M_2);
fscanf( startup, "%f %f\n\r",&fl1, &fl2);
theta_i = fl1;
J_i = fl2;
fscanf( startup, "%f %f\n\r",&fl1, &fl2);
theta_f = fl1;
J_f = fl2;
printf("J_i= %f, J_f= %f\n",(float)J_i, (float)J_f );
printf("th_i= %f, th_f= %f\n",(float)theta_i,
(float)theta_f );
fclose( startup ); }
/*-------------defining Global variables------------------*/
pi = 4.0 * atan( 1.0 );
pi2 = 2.0 * pi;




if ( NumberOfTrax EQ 1 ) Trax = 1;
else Trax = 0;













if (Z[1] LT 0.0) Z[1]+=pi2;
Y[0]=Z[0];
Y[1]=Z[1];




{ fprintf(outX,"%e %e %e\n",time,Z[1]/pi2,Z[0]); }
fclose(outX);
if ( plotNumber GT MaxSteps )





printf( "end of computations\n" );
printf("\n");
}
The frequency of motion ω(I) and its derivative dω(I)/dI are deﬁned by
the functions omega(I) and omegaJ(I). The procedure SpectrumOfPertur-
bation(J) deﬁnes the perturbation spectrum H(I).
LDOUBLE omega(LPLDOUBLE J)
{ return( 1.0/ *J ); }
LDOUBLE omega_J(LPLDOUBLE J)




for (m = M_1; m LE M_2; m++ )
{ Hm[m] = 1.0;
Hm_J[m] = 0.0; }
}
The above program uses a heading ﬁle “mapping.h”, where the deﬁnitions
















#define min(a,b) (((a)<(b)) ? (a) : (b))
#define max(a,b) (((a)>(b)) ? (a) : (b))




typedef FRECT * LPFRECT;
typedef struct tgPOINT { float x; float y;} FPOINT;
typedef FPOINT * LPFPOINT;
typedef double LDOUBLE;
typedef int BOOL;
typedef LDOUBLE * LPLDOUBLE;
typedef LDOUBLE ** LP2LDOUBLE;
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